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Abstract 

We study the finite dimensional spaces V which are invariant under 
the action of the finite differences operator A™. Concretely, we prove 
that if V is such an space, there exists a finite dimensional translation 
invariant space W such that V C W . In particular, all elements of V are 
exponential polynomials. Furthermore, V admits a decomposition V = 
P© E with P a space of polynomials and E a translation invariant space. 
As a consequence of this study, we prove a generalization of a famous result 
by P. Montel [7] which states that, if / : R — > C is a continuous function 
satisfying A^J(t) = A% 2 f(t) = for all i £ R and certain hi, h 2 £ R\{0} 

such that hi/h 2 Q, then f{t) = a +aiiH ham-ii" 1-1 for all t 6 R and 

certain complex numbers ao,ai,- - - ,a m — l- We demonstrate, with quite 
different arguments, the same result not only for ordinary functions f(t) 
but also for complex valued distributions. Finally, we also consider in this 
paper the subspaces V which are Aj ll h 2 ...h m -invariant for all hi, • • ■ , h m £ 
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1 Motivation 

Let X denote either the space of continuous functions / : K — > C or the space of 
complex valued Schwartz distributions. A well known result by P. M. Anselone 
and J. Korevaar pQ characterizes the finite dimensional subspaces of X which 
are translation invariant as the spaces of solutions of the homogeneous linear 
differential equations with constant coefficients + aia^™ -1 ) + • • • + a n _\x' + 
a n x = (here x : R — ?► C and oi, • • • , a n G C for some n € N) (see also [B], 
where a simpler proof of this result is given for spaces of continuous functions) . 
These spaces are generated by a set of monomials of the form 



^"V*, k = !,-■■ , m(A) and A £ {A , Ai, • • • , X s } C C, (1.1) 



so that their elements are exponential polynomials. We assume, by convention, 
that Ao = and that m(Ao) = means that this set does not contain elements 
of the form t k with k G N. Recall that a subspace V of X is translation invariant 
if for all h G R we have that r h (V) C V, where T h (f)(t) = / (t + /i) if / is an 
ordinary function and 77, (/){</>} = /{ r -/i(0)} if / is a distribution and is a 
test function. In their paper [T] Anselone and Korevaar proved that if V is a 
finite dimensional subspace of X and (V) C V, T/i 2 (V) C V for certain non- 
zero real numbers hi, hi such that hijhi Q, then V is translation invariant 
and hence it admits an algebraic basis of the form (ll.lj) . They also proved 
that, if V is a finite dimensional subspace of the space of continuous complex 
valued functions defined on the semi-infinite interval (0, oo) and Th k (V) C V for 
an infinite sequence of positive real numbers {hk}kLi which converges to zero, 
then V admits an algebraic basis of the form . 

It is evident that, if we denote by Id = tq the identity operator, and we define 
the first difference operator A/j = t%— Id, then Th(V) C V if and only if Ah{V) C 
V (we say that V is A^-invariant), so that the results in [T] can be directly stated 
for finite dimensional spaces invariant by the operators A/, . The main goal of 
this paper is to study the finite dimensional spaces V which are invariant under 
the action of the finite differences operators A™, which are defined inductively 
by A^ = A h and A^ +1 / = A h (A£/), k = 1,2, • • • . Concretely, we prove that 
if V is such an space, there exists a finite dimensional translation invariant 
space W such that V C VF. In particular, all elements of V are exponential 
polynomials. Furthermore, V admits a decomposition = P®E with P a space 
of polynomials and E a translation invariant space. As a consequence of this 
study, we prove a generalization of a famous result by P. Montel (Zl which states 
that, if / : R -»• C is a continuous function satisfying AJ£/(t) = A™ 2 /(t) = 
for all t G R and certain hi,h 2 G R\ {0} such that /11//12 ^ Qj then f(t) — a + 
ait+- ■ •+a„ i _ii m_1 for all t G R and certain complex numbers ao, a%, ■ ■ ■ , a TO -i- 
We demonstrate, with quite different arguments, the same result not only for 
ordinary functions f(t) but also for complex valued distributions. We devote the 
last section of this paper to consider the subspaces V of X which are Ah 1 h 2 ---h m - 
invariant for all hi, ■ ■ ■ ,h m G R. Here Ah 1 h 2 ---h m denotes the finite differences 
operator defined inductively by A hlh2 ... hm f(t) = A hl (A h2 ... hm f)(t). Obviously, 
these operators generalize the operators A™, which are got when we impose the 
restriction hi = ■ ■ ■ = h m = h. 

2 A TO -invariant subspaces and Montel's Theo- 
rem for distributions 

Theorem 1. Assume that V is a finite dimensional subspace of X and A™ (V) C 
V, A™ (V) C V for certain non-zero real numbers hi, hi such that hi jh% ^ Q. 
Then there exists a finite dimensional subspace W of X which is invariant by 
translations and contains V . Consequently, all elements of V are exponential 
polynomials. 
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Lemma 1. Let E be a vector space and L : E —> E be a linear operator defined 
on E. If V C E is an L m -invariant subspace of E, then the space 

□™(V) = V + L(V) + L 2 {V) + ■■■ + L m (V) 

is L-invariant. Furthermore, (V) is the smallest L-invariant subspace of E 
containing V . 

Proof. This result is trivial. Its proof is an easy exercise. 

□ 

Lemma 2. Let E be a vector space and L, S : E — s> E be two linear operators 
defined on E. Assume that LS = SL. If V C E is a vector subspace of E which 
satisfies L m (V) U S m {V) C V, then 

S m (a n L l (v)) c n£(V). 

Consequently, the space 

Ol,s{V) = °s( a T(V)) 
is L-invariant, S -invariant, and contains V . 
Proof. By definition, 

S rn (U™{V)) = S rn (V + L(V)+L 2 (V) + --- + L m (V)) 

= S rn (V) + L(S m {V)) + L 2 (S m (V)) + ■■■ + L m (S m (V))) 
C V + L(V) + L 2 (V) + ■■■ + L m {V) = n™(V), 

since S, L commute. This proves that U™{V) is 5 m -invariant, and Lemma [I] 
implies that o™ s (V) = □™(D™(V A )) is S-invariant. On the other hand, the 
identity SL — LS implies that 

L(o?.s(V)) = L(n™(v) + S(n™(V)) + --- + S m (n™(V))) 

= L(n£(F)) + S(L(n™(V))) + ■■■ + S m (L{u™(v))) 
c a-(v) + Smv)) + ■■■ + S m (n™(V)) = oZs(V), 

so that o™ s (^) is i-invariant. Finally, V C U™{V) C 0^ S (V). □ 

Proof of Theorem^ We apply Lemma[2]with E — X , L — and S — Af l2 to 
conclude that V C W — o^ h Ah (V) and W is a finite dimensional subspace of 
X satisfying A^iW) C W , i = 1,2. Hence we can apply Anselone-Korevaar's 
Theorem to W and conclude that this space admits an algebraic basis of the 
form (jl.ip . In particular, all elements of V are exponential polynomials. □ 

Remark 1. Note that the space W we have constructed for the proof of The- 
oremUl satisfies dime W < (m + l) 2 dimc V. With a different proof we can 
substitute this inequality by the exact formula dime W — mdimc^ (see the 
proof of Theorem® below, which can be fully adapted to this context). 
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It is interesting to observe that condition hi jh^ €" Q in Theorem Q] can not 
be weakened. Indeed, if h\jhi G Q and m > 1 then there are finite dimensional 
subspaces of X such that A™ (V) U A™ 2 (V) C V" and no finite dimensional 
translation invariant subspace W of X satisfies V C VF. To construct these 
spaces we need to use the following technical results: 

Lemma 3. Assume that f : R — > C satisfies A™/ = 0, and Zet p G Z. TTien 
A^/ = 0. 

Proof. For m = 1 the result is trivial, since the periods of the function / form 
an additive subgroup of M. For m > 2 the result follows from commutativity 
of the composition of the operators A/j (i.e., we use that A^Afc/ = A^A^/). 
Concretely, A™/ = A^A™" 1 /) = implies that ft is a period of A™ -1 /- 
Hence pft is also a period of this function and A p i l (A'^ 1 /) = 0. Now we use 
that A p f l (A™ -1 /) = A/^Ap/jA™ -2 /) and iterate the argument several times to 
conclude that A™ / = 0. □ 

Lemma 4. Let ft > and assume that g G C(R) satisfies g(hZ) = {0}. Tften 
there exists f G C(R) such that f(hZ) = {0} and Ahf = g. Consequently, for 
each m > 1 iftere exists F m G C(R) swcft £ftai F m (hlA = {0} and A^i 7 "™ = g. 

Proof. Given g G C(R) satisfying g(hZ) = {0}, it is easy to check that the 
function 

E*=o + if z = x + kh, fc G N \ {0}, and a; G [0, ft) 

f(*)=\ -T,j=i9( x - 3 h ) if z = x-kh, k GN\{0}, and a; G [0,ft) 
if z G [0, ft) 

is continuous and satisfies f(hZ) = {0} and A/j/ = g. The second claim of the 
lemma follows by iteration of this argument. □ 

Let us now assume that fti,ft.2 > 0, fti/ft2 G Q , and m G N (m > 1). 
Obviously, there exists ft > and p, q G N such that hi = ph and ft.2 = qh. 
Consider the function <f> G C(R) defined by <j)(x) = \x\ for |x| < ft/2 and 
(f>(x + ft) — 4>(x) for all x G R and use Lemma |4] with g = cj) to construct, 
for each m > 2, a function / m G C(R) such that A™ -1 /™ = 0. Take /i = 
<f). Then A™/ m = Ah<j> = for all m. This, in conjunction with Lemma [3J 
implies that the one dimensional space V m — span{/ m } satisfies A™ (V m ) U 
= {0} C V^,. On the other hand, cannot be contained into any 
finite dimensional translation invariant subspace of X, since f m G V m is not an 
exponential polynomial (indeed, it is not an analytic function). 

Corollary 1 (Montel's Theorem for distributions). Assume that f is a complex 
valued distribution such that A™ / = A™ f — for certain non-zero real num- 
bers fti,ft-2 such that fti/ft-2 G" Q. Then f is an ordinary polynomial of degree 
< m — 1. 
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Proof. Assume that A™ / = A™/ = 0. Then V = span{/} is a one dimen- 
sional space of complex valued distributions which satisfies the hypotheses of 
TheoremQ] Hence all elements of V are exponential polynomials. In particular, 
/ is an exponential polynomial, 



m(Ao) — 1 s m(Ai)-l 

/(*)= a^ k t k + J2 a *' ktk ' 

k=0 i=l fe=0 



and we can assume that m(0) > to with no loss of generality. Let 
/3 = {t fc_1 e A **, k = !,•■• ,m(Ai) andz = 0,l,2,--- ,s} 



and S = span{/3} be an space with a basis of the form (jl.ip which contains V. 
Let us consider the linear map A/,. : S — > 5 induced by the operator A/, when 
restricted to S. The matrix associated to this operator with respect to the basis 
/3 is block diagonal, A — diag[ylo, A\,--- , A s ], with 



A 



h h 2 
2/i 



and 



Ai = 








he x ' h 
,Xih _ - 



h 2 e \ t h 

2he^ h 



ft m(0)-l 
^m(0)-lW m (0)- 



/m(0)-l\, 
lm(0)-2/' 1 





(2.1) 



Um(i)-l e \ih 



f"('j- 1 )|l ra ( i '- 



2„A;/i 



\mm-2/ 



1 



(2.2) 



for i = 1, 2, . . . , s. It follows that the matrix associated to (A™)| 5 with respect 
to the basis /3 is given by A m = diag[A™, A™, • • • , -A™]- Obviously, the matrices 
A™ (i = 1, 2, • • • , s) are invertible since the corresponding Ai are so. On the 
other hand, rank(A™) = m(0) — m and 

ker(A™) =span{(0,0,--- , o, l (i " th position) , 0, ■ • • , 0) : i = 1, 2, • • ■ , to}. 

It follows that rank(A m ) = dime S — to, so that dime ker(A m ) = m. On the 
other hand, a simple computation shows that the space of ordinary polynomials 
of degree < to — 1, which we denote by n m _i, is contained into ker(A™). 
Hence ker(A™) = II TO _i, since both spaces have the same dimension. This, in 
conjunction with / e ker(A™), ends the proof. 

□ 
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Theorem 2. Let V be a finite dimensional subspace of the space of continuous 
complex valued functions defined on the semi-infinite interval (0, oo) and assume 
that A™ fc (V) C V for an infinite sequence of positive real numbers {hk}kLi which 
converges to zero. Then all elements of V are exponential polynomials. 

Proof. Assume that dime V = N < oo and AJ™ (V) C V for an infinite sequence 
of positive real numbers {hk)kLi \ 0. Let {ei(t), ■ • • , eAr(i)} be a basis of V 
and let h G {h k }%L v Then 

N 

A%ei(t) = J2a ik {h)e k {t) for all t G (0, oo) and i = 1, • • • , N. (2.3) 

k=l 

Let us set E(t) — (ei(i), e2(i), ■ ■ ■ ,eN(t)) T (where v T denotes the transpose of 
the vector v). Then (|2.3|) can be written in matrix form as 

A%E(t) = A{h)E{t) for all t G (0, oo), (2.4) 

where AQi) = (aik{h))f k=1 is a matrix function of h. 

We regularize the functions ei(t) via convolution with a test function. More 
precisely, we consider ip(t) an infinitely differentiablc function with compact 
support and introduce the new functions fi, v {t) — (e, * These functions 

are of class C^°°^(0, oo) and, if we define F v (t) = (fi, v (t), h, v {t), • • • , fN,tp(t)) T , 
then 

A£%(t) = A(h)F v (t) for all t G (0,oo), (2.5) 

since the operation of convolution is translation invariant. The novelty here is 
the fact that F v is an infinitely differentiablc function. Taking {tp n } & sequence 
of test functions converging (in distributional sense) to Dirac's delta function 
d, we have that /»,p n = e.% * tp n — I Si * 8 = ej, so that we can impose that, for 
a certain no, the set of fuctions {fi,ip no }fLi is linearly independent (since the 
functions {ei(t)\ form a basis). This computation implies that we can assume, 
with no loss of generality, that our functions {fi, v }fLi define a basis of the space 
they span. In particular, there exists a set of N points {ti}^L 1 C (0, oo) such 
that detcol[F v (t 1 ),F v (t 2 ), ■ ■ ■ ,F v (t N )} ^ 0. It follows that 

A(h) = col[A£%(*i), • • • ,A%F v {t N )]co\[F v {t x l 

and 

Taking limits for h converging to zero, we get 

limfr = coiK^)^)^),...,^)^)^)]^^^),---,^^)]- 1 
= Be Mjv(C). 



• • • , F v (t N )] 1 
, • • • , F v (tN)]~~ ■ 
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Furthermore, the convergence of A(h)/h m to the matrix B is in the sense of all 
norms of Mjv(C), since this space is of finite dimension. This implies that, if 
we fix K a compact subset of (0, oo) then 

\\j&E(t) - BE{t)\\ c{K) < ||^ - B\\\\E{t)\\ c(K) -+ (for h -+ ). 

It follows that jp^A^E converges, in distributional sense, to BE(t). On the 
other hand, a simple computation shows that, if <p is any test function, then 



E{(-iy 



(-hy 



-A™ h 0} -> £{(-l)"V (m) } = E^{cj}}. 



Thus = BE 1 in distributional sense. But the continuity of E(t) implies 

that 

in the ordinary sense. Let us set £ = (E,E\--- ,E^ m -^) T . This transforms 
equation (|2.6p into the linear ordinary differential equation 



& 



I 





B 





I 









/ 





(2.7) 



Now, it is well known that each component of any solution £{t) of (|2.7I) is 
a finite linear combination of exponential monomials of the form (jl.ip for an 
appropriate choice of the values A and m(A). □ 



3 Characterization of A m -invariant subspaces 

Let us state the main result of this section. 

Theorem 3. Assume that V is a finite dimensional subspace of X which sat- 
isfies Ajj*(V) C V for all h eR. Then there exist vector spaces P C II := C[t] 
and E C C(R) such that V = P © E and E is invariant by translations. Con- 
sequently, V is invariant by translations if and only if P is so. 

In order to prove this theorem, we first need to introduce some notation 
and results about invariant subspaces of linear maps in the finite dimensional 
context. The main reference for this subject is [3]. 

Definition 1. Given T : C" — > C™ a linear transformation, and X any of its 

eigenvalues, we define the root subspace -or generalized eigenspace- associated 
to A and T by the formula R\{T) = ker(T - A/)™, where I : C n -> C" denotes 
the identity operator. 
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The next result is well known (see [3J Theorem 2.1.5, page 50]): 

Theorem 4. Let T : C™ — > C" be a linear transformation and V be a linear 
subspace o/C". Let {Ao, • • • , At} be the set of all (pairwise distinct) eigenvalues 
ofT. Then V is T -invariant if and only ifV = (VnR\ (T))®- ■ -®(Vr\Rx t (T)) 
and each subspace Vi = (V (~l R\ i (T)) is T -invariant. 

Finally, the following lemma should be known to experts. We include the 
proof here for the sake of completeness, since this result forms an essential part 
of our arguments for the proof of Theorem |3J 

Lemma 5. Let E be a vector space with basis {3 — {vk}k=i and let m G N, 
m > 1. Assume that T : E —} E is such that A = Mp(T) is of the form 
A = XI + B , where A ^ and B is strictly upper triangular with nonzero entries 
in the first superdiagonal. Then the full list of T -invariant subspaces of E is 
given by Vq = {0} and Vk = spanjui,-- - ,Vk}, k — 1,2, •■• , n. Furthermore 
T m has the same invariant subspaces as T . 

Proof. Assume that A = Mp{T) is of the form A = XI + B, where A ^ and 
B is strictly upper triangular with nonzero entries in the first superdiagonal, 
and let V ^ {0} be a T- invariant subspace. Let v € V, v = a\Vx + • • • + a s v s , 
a s =/= 0. Then w — Tv — Xv G V and a simple computation shows that w = 
ot\Vi + ••• + a s _iw s _i with a s _i = 6 s _i, s a s ^ 0, where B = (&y)£j=i- It 
follows that, if V is T-invariant and v = a\V\ + • • • + a s v s G V with a s ^ 0, then 
span{i>i, V2, ■ ■ ■ , v,s} C V . Take fco = max{fc : exists v G V, v = a%vi + • • • + 
a s v s and a s ^ 0}. Then V = span{«i, • • • , Vk }- Finally, it is clear that all the 
spaces Vk = span{wi, • • • , Vk}, k = 1, 2, • • • ,n are T-invariant. 

To compute the invariant subspaces of T m we take into account that A m = 
M p (T m ) and 

A rn = {XI + B) m 

m / v 

= X m I + mX m - 1 B + J2 f™j(-l) m_fc S fc . 

This shows that A m = X m I + C, with C strictly upper triangular with nonzero 
entries in the first superdiagonal, since the only contribution to the first super- 
diagonal of C = mX m - 1 B + Yl=2 {"k){- l ) m ~ k B k is got from mX m ~ 1 B, and 
A ^ . This proves that we can apply the first part of the lemma to the linear 
transformation T m , which concludes the proof. □ 

Remark 2. It is important to note that there are many examples of linear 
transformations T : E — > E such that T and T m have different sets of invariant 
subspaces. For example, if T is not of the form T = XI for any scalar X and 
satisfies T m — I or T m — 0, then all subspaces of E are invariant subspaces of 
T m and, on the other hand, there exists v G E such that Tv £ span{w} 7 so that 
span{u} is not an invariant subspace of T . 
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Proof of Theorem It follows from Theorem Q] that V is a subspace of S = 
span{i fc }^g°^ _1 © 0- =1 span{i fe e Alt }^p 1 ' l ~ 1 for certain values of Aj, m(Aj), 
and s (recall that we imposed Ao = 0). Furthermore, we have already computed 
the matrix A = Alp (Ah) associated to (Ah)\s with respect to the basis j3 — 

{^^-'U^^e^'}^" 1 , which is given by A = diagL4 ,Ai, ■•• ,A S ], 
with Ao satisfying (|2.1[) and Ai satisfying ()2.2p . i = 1, 2, • • • , s. It follows that 
A m = diagL4 n , A™, ■ ■ ■ , A™] is the matrix associated to (A™) 15 with respect 
to ft. 

In particular, the eigenvalues of (A™)| 5 are given by {0, (e Xih — l) m ,i = 
1, 2, • • • , s}. A direct computation shows that 

Ro((AT) ls ) = n m(AD) _ a = span{<n^o° K1 

and 

R( e \ i h_ r)m ((A h n )\ S ) - span^e^irJo^ 1 - 

Hence Theorem [4] shows that V is A™-invariant if and only if V = Vq © V\ © 
■■■ © V s , where Vq C II m (x )-i and V* is a A™-invariant subspace of Ei — 
R( e \ i h_ 1 y n ((A™)| 5 ), i = 1, ■ • • , s. Thus, to find all A™-invariant subspaces of S 
(one of them being our space V) we only need to consider the invariant subspaces 
of the spaces II m (o)_i and Ei, i — 1,2, ■•• , s. Now, /3j = {i fe e Ai *}^Q 1 ' ) ~ 1 is a 
basis of Ei and Aj = M^^A^WJ is given by (|2.2p . so that we can apply 
Lemma[5jto (Ah)\E t and conclude that C Ei is A™-invariant if and only if it 
is A/j-invariant. This proves the theorem with P = Vo and E = V\®- ■ - ®V S . □ 

Remark 3. There are many examples of spaces P C II which are finite di- 
mensional, A m -invariant and non translation invariant. A typical example is 
P = span{l,t" 1 }. Obviously, A h n (P) = n = span{l} C P. On the other 
hand, ifh^O, A h t m = j:T=o (™)h m - k t k <£ P. 

4 A/^... /^-invariant subspaces 

In this section we consider the subspaces V of X which are Ah 1 h 2 ---h m -invariant 
for all hi, ■ ■ ■ , h m G R. Our first result characterizes the property of A hlh2 ... hm - 
invariance for arbitrary subspaces of X. This result is an easy consequence of 
a well known theorem by D. Z. Djokovic [5] (see also [H Theorem 7.5, page 
160], [51 Theorem 15.1.2., page 418]), which states that the operators Ah 1 h 2 ---h e 
satisfy the equation 

l 

&hi-hj(t) = £ (-l) ei+ - +e 'A' (iii <#)(fcl) „. , hs) f(t+/3 {eu ..., e3) (hi, ■ ■ h s )), 

ei,...,e»=0 

where 

s e h 

<X(.e u ...,e.)( h l> ' • ■ >h s ) = i- 1 )^- 1 -^- 

r—1 
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and 

P( ei ,...,u)(hw " A) = ^2e r h 



r tv r . 

r=l 



Later on (see Theorem [5]), we prove that if V is a finite dimensional subspace 
of X which is A™-invariant for all h G R then V is A/j^...^ -invariant for all 
hi, h 2 , • ■ • , h m G R. 

Theorem 5. Assume that V is a subspace of X which satisfies A™(V) C V 
for all h G R. T/ien i/ie following statements are equivalent: 

(i) A^ _1 A s (y) C 1/ /or aZZ /i, s e M. 

(n) A hlh2 ... hm (y) C V /or all (hi, ha, ■ ' • , M 6 M m . 

Proof. We only prove (i) (ii) since the other implication is trivial. Now, 
Djokovic's Theorem implies that the operator Ah 1 h 2 ---h m ^ 1 is a linear combina- 
tion of operators of the form A™ _1 A S (with h,s G R). Hence (i) implies that 
A hlh2 ... hm _ 1 (V) C V, for all (hi,h 2 ,--- ,h m -i) G R m_1 . On the other hand, 
the identity Ah 1 h 2 = ^-hi+h 2 ~ &hi ~ ^h 2 (which is easy to check) implies that, 
if (hi,h 2 ,--- ,h m ) GR m , then 

Ahihz—hm — ^■h 1 h 2 Ah 3 ---h m = &(hi+ha)h 3 —h m ~ &hih 3 —h m ~ ^h 2 h 3 —h m 

and V is invariant by all operators appearing in the last member of the identity 
above. □ 

Theorem 6. Assume that V is a finite dimensional subspace of X . Then the 
following statements are equivalent: 

(i) A%(V) C V for all h G R. 

(it) A hlh2 ... hm (V) C V for all (h u h 2 , ■■■ , h m ) G R m . 

Proof. We only prove (i) =>■ (ii) since the other implication is trivial. It fol- 
lows from Theorem [3] that V — P © E with E translation invariant and P 
a subspace of IT. Thus we only need to prove that A^ 1 ^ 2 .../ lm (P) C P, for 
all (h 1 ,h 2 ,--- ,h m ) G M m . Take N = min{n : P C n„} and let A»(/i) = 
M / 3((A™)|n JV ) be the matrix associated to (A™)|n N : Hjv — > Hn with respect 
to the natural basis (3 = {1, t,t 2 , - ■ ■ , This matrix can be computed explic- 
itly just taking into account the following well known formulas: 



fc=0 v 7 



(see, e.g., [5J Corollary 15.1.2, page 418]) and 



e t (-DV =(-d- : h c- 2 ' 
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where ^ \ denote the Stirling numbers of the second kind (see, e.g. [SI Iden- 



tity 18, page 3136]). Recall that these numbers satisfy the recurrence relations 

-k 



71 + 1 
k 



rn 
k - 1 



1, 







and 



if n < k. Now, given s 6 {0, 1, • • • , N} we have that 



k=0 
m 

E 

s 

E 

3=0 L 

S 

E 

3=0 L 

S 

E 

3=0 

S 

E 

3=0 



E U )(-i) m - k (t + khy 



)(-i) m - fc (e (*) W J '** 

(e^-^'W^ 
(-ir (i-iy 



s-3 
m 



s-J 
m 



mlh s - J t J . 



It follows that A m (h) = (ay(/i))^-_ is given by 



o i;7 -(/i) 



J \ J 3 - * 
m 




for i = 0, 1, • • • , j and j = m, ■ ■ ■ ,N 
otherwise 



Let p(t) = bo + bit + • • • + b^t N £ P be a polynomial with £>jv 7^ 0. Then the 
coordinates of A™p(t) with respect to the basis j3 are given by 



A m (h) 



b 
61 



/o(fc) 

AW 

fN-m(h) 
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where fi(h) = J2j= m a ij( h ) b j = EJU.-M ( \ J { J ' m * } m\h? % is a poly- 
nomial (in the variable h) satisfying deg fi(h) = N— i, i = 0, 1, • • • , N — m, since 
6yv ^ 0. This proves that the functions {fo{h), ■ ■ ■ , /jv_ to (/i)} form a linearly 
independent set and, as a consequence, there exists numbers {^ililo™ sucn that 
the vectors = [/o(^i)j " * " > /jV-m(^i)] T ; i = 0, 1, ■ • • ,N — m, are such that the 
matrix H = col[«o, ■ ■ ■ ,vjsf— m ] is invertible. In particular, these vectors form a 
basis of C N ~ m+1 . This proves that Il N - m Q P since Afp(t) G P for all h G M. 
It follows that 

A hlh2 ... hm P C njv-™ C P. 
for all fti, /12, ■ • • i G R, since P C II jv and A/ ll / l2 .../ lm IIjv = IlAr_ m . □ 

5 The case of real valued distributions 

Let Z denote either the real vector space of continuous functions / : M — > M. 
or the space of real valued Schwartz distributions. The results we have demon- 
strated in the previous sections of this paper can be stated, with appropriate 
modifications, for subspaces of Z. Indeed, the real valued results are a direct 
consequence of the theorems we have already proved and the use of complexi- 
fication, which is a standard tool in Linear Algebra and Functional Analysis. 
Concretely, given V C Z a vector subspace of the real vector space Z, we define 
its complexification V c as the vector subspace of X defined by V c = V + iV. 
It is evident that 

A™(V C ) = (A™(y)) c , 

so that V is a A™-invariant subspace of Z if and only if V c is a A™-invariant 
subspace of X . Let us consider separately the cases m = 1 and m > 1. 
Case m = 1: Assume that V is a finite dimensional subspace of Z and Ah(V) C 
V. Then V c = V+iV is a translation invariant subspace of X, so that it admits, 
when considered as a complex vector space, a basis of the form 

P = {t h ~ l e Xit , k = 1, ■ • • , m(Ai) and i = 0, 1, 2, ■ • • , s}. 

This obviously implies that V admits, as a real vector space, a basis of the form 

s m(Xi) 

1 = {^Ykli U IJ |J {t fc - 1 e Re ( A *)*cos(Im(A i )t),t fe - 1 e Re ^) t sin(Im(A i )t)}. 
i=i fc=i 

Case m > 1: If V is a finite dimensional subspace of Z and A™(y) C V. Then 
= V+iV is a A™-invariant subspace of X, so that it admits a decomposition 
V aC = P+E with P, P finite dimensional subspaces of X, P being a A™-invariant 
subspace of II and E a translation invariant subspace of X . Taking real parts, 
we obtain that V = F + G with P a A™-invariant finite dimensional subspace 
of WL[t] and G a translation invariant finite dimensional subspace of Z . 

Finally, we would like to comment that both Montel's Theorem (i.e., our 
Corollary [IJ and Theorems El [6] are also true -with no changes- for the real case. 
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